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Abstract

We presenta new algorithmfor computingindirect illumination basedon densityestimationsimilarly to photon
mapping. We acceleratethesearch for �nal gatheringby reorganizingthecomputationin the reverseorder. We
usetwo treesthat organizespatially not only the positionof photonsbut also the positionof �nal gatherrays.
Theachievedspeedupis algorithmic,theperformanceimprovementtakesadvantageof logarithmiccomplexity of
searchingin trees.Thealgorithmrequiresalmostnousersettingsunlikemanyknownaccelerationtechniquesfor
photonmapping. Theimagequality is thesameasfor traditional photonmappingwith �nal gathering,sincethe
algorithmdoesnot approximateor interpolate. Optionally, thealgorithmcanbecombinedwith othertechniques
such as densitycontrol and importancesampling. Thealgorithmcreatesa coherentaccesspatternto the main
memory. This further improveson performanceand also allows us to useef�cient external data structuresto
alleviatetheincreasedmemoryrequirements.

Categoriesand SubjectDescriptors(accordingto ACM CCS): I.3.7 [ComputerGraphics]:Three-Dimensional
GraphicsandRealism

1. Intr oduction

Computingindirect illumination in synthesizedimagesro-
bustly andef�ciently is well known to be dif�cult. The un-
biasedalgorithms(path tracing,bidirectionalpath tracing,
Metropolis light transport,for survey see [DBB03]) suf-
fer from high-frequency noise in the imagesand the re-
quiredcomputationtimesexceedtypically far thetime lim-
its given by a user. For this reasonbiasedalgorithmsare
morepopularin practice,including the productionrender-
ing [TL04, CB04].

A popular algorithm computing the indirect illumina-
tion is photonmapping[Jen96, Jen01]. It reproducesmany
global illumination effects,but computesvariouscontribu-
tionsin differentwaysin orderto improve theef�ciency of
thewholecomputation.Thedirectillumination is computed
by commonmeanssamplingthelight sources[SWZ96]. In
thispaper, wedealonly with computationof indirectdiffuse
illumination as it is performedby global photonmapping
combinedwith �nal gathering.

Photon mapping decomposesthe indirect illumination
computationinto diffuse and causticsparts,that are com-
putedseparatelyby specialalgorithms.First,thephotonsare
shotfrom thelight sourcesinto thesceneandthey areclassi-
�ed ascausticsphotonsandglobalphotons. Second,anef�-

cientsearchdatastructuresuchasakd-treeisconstructedfor
the global photonmapandthe causticphotonmap. Third,
primary raysareshot from the camerato the scene.At hit
pointsof the primary rays with the scenethe illumination
is computedby densityestimationusingk-nearestneighbor
(kNN) searchin thecausticsphotonmap.Fourth,for a sin-
glehit ontheobjectwith adiffuseorglossysurfacehundreds
to thousandsof �nal gatherrays(FGRs)areshot.For each
FGR the indirect illumination is computedby densityesti-
mationusingkNN searchin theglobalphotonmap.

Ourmainconcernin thispaperis thecomputationof indi-
rect illumination on diffuseandmoderatelyglossysurfaces
using �nal gatheringwith global photonmaps.This is one
of themethodsusedin theproductionrendering[KNE� 02].
Thecomputationconsistsof repeatedlycomputingtheden-
sity estimationgiven thepoint in the objectspaceandesti-
matingtheradiancealongFGRs.Thisis themostconsuming
part of thewhole rendering.In this paper, we show how to
speedup �nal gatheringin the context of photonmapping.
Wereversethewholecomputationof densityestimation.We
storeall FGRsandconstructthe searchdatastructureover
the hit pointsof FGRswith the scene.Thenwe distribute
theenergy from photonsto storedFGRs.A speedupcanbe
achievedthanksto thelogarithmiccomplexity of thesearch-
ing. Furthermore,wereorganizethecomputationin acoher-
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entway, whichallows uscachingof only a smallpartof the
datain themainmemory, while thewholedatais storedon
a disk.Thismakesmainmemoryrequirementsfor ouralgo-
rithm acceptable.

Originally, the photonmappingalgorithmwas designed
to runon acomputerwith only 32MBytesof RAM [Jen96].
For this reasonthe datastructuresfor photonswerehighly
optimizedfor storage.Nowadays,32-bit computerswith 1
or 2 GBytesof mainmemoryarecommonlyused.Themain
memorychipsgetcheaperover theyearsandthebottleneck
betweenthe main memoryand CPU becomeseven more
important.This gave origin to the cache-awareandcache-
obliviousalgorithmsanddatastructures[Dem02]. Ouralgo-
rithm is in factacache-awarealgorithm.By reversingtheor-
derof densityestimationwe achieveanalgorithmicspeedup
for searchingby factor 2–3 without any decreaseof image
quality.

In the following sectionwe discussbrie�y the related
work. In sections3–6 we presentouralgorithmwith thede-
scriptionof the datastructures,the time complexity analy-
sis, the reversedensityestimation,andseveral algorithmic
improvements.In Section7 we presentthe results.Finally,
Section8 concludesthepaperwith someprospectsfor future
work.

2. RelatedWork

The time consumedby diffuse indirect illumination com-
putation is typically a signi�cant part in the whole ren-
dering. This issuehas beenaddressedby several papers.
In this paper, we focus on the methodthat aims at high
quality solution of the indirect illumination, not allowing
any artifacts(dueto someapproximationin thealgorithm).
We exclude from discussionmethodsbasedon radiosity,
suchas[SSS02], aswell asothertechniquesthatexplicitly
work over polygonalrepresentations[Mys97], or severely
approximative algorithmsproneto visible artifacts[LC04].
Therecentglobalilluminationreal-timeorientedalgorithms
suchasInstantRadiosity[Kel97] andits followers[WBS02]
workwith suf�cient qualityonly for diffusesurfaces(radios-
ity) and are not suitablefor high-quality renderingtaking
into accountgenerallight transport.

Theirradiancecache[WH92] interpolatesindirectillumi-
nationover diffusesurfaces.The solutionworks ef�ciently
for slowly changingindirect illumination. The indirect illu-
minationis computedonly sparselyacrossthe imageplane
and the irradianceis storedin an octree.For other rays is
possiblyinterpolated.Usually, the irradiancecachingis ac-
ceptableandit acceleratesby oneorderof magnitude.How-
ever, it canintroducevisible artifacts,in dependenceon the
sceneandusersettings.

Christensen[Chr99] proposesto precomputethe irradi-
anceat the positionsof photonsfor onequarterof all pho-
tons.While the storagespacerequiredfor photonmapsis

increased,the irradiancefor FGRs is approximatedby a
piece-wiseconstantfunction.Insteadof thedensityestima-
tion basedonkNN searchtheclosestphotonwith thenormal
similar to theoneattheFGRhit is foundandused.Thetech-
niqueoffersthespeedupfrom 25%to factorsof 500–800%,
if thenumberof �nal gatherraysis 10-100timeslarger than
thenumberof photons.However, theproblemis theapprox-
imative natureof the algorithmandthe dependence on the
scene.In orderto improve on performancewhile avoiding
artifacts the user is requiredto tune usersettingssuchas
"similar enough"for photonnormals.In our experience,we
have alsofoundthatthespeedupvariesstrongly.

Several other techniques are discussed by Chris-
tensen[Chr02]. He discussesthesetechniques:betteresti-
mateof theinitial radiususedfor kNN search,the iterative
algorithm for kNN search,and the techniquedescribedin
thepreviousparagraph.Furtheron,hedescribesthedensity
estimationvia the convex hull estimateandcombiningthe
resultsfrom severalphotonmaps.

Further possibilities are describedin the samecourse
notesby Kato et al. [KNE� 02], for Kilaueaparallelglobal
illumination rendererbasedon thephotonmapping.Several
tricks for moreef�cient FGRevaluationfor transparentma-
terialsarediscussed.Second,the ef�cient techniquebased
on irradiancecachingreducingseverelynumberof FGRsis
proposed.Third, the reprojectionof FGRsis describedfor
purposesof interpolation.Theauthorsstatethattheproposed
techniquesandtheirvariantscanresultin bothgoodspeedup
andalsoslowdown comparedto simple�nal gatheringin de-
pendenceontheusersetting.More importantly, theinappro-
priatesettingscanresult in inferior quality of renderedim-
agesandunacceptableartifacts.This canbe correctedonly
by recomputingthewholeimagewith differentsettings.

ChristensenandBatali [CB04] proposedtheconceptof an
irradianceatlasasapproximative irradiancerepresentation.
They associatethephotonmapwith every objectandusing
cachingthe kNN searchis limited to a singlephotonmap.
They proposean irradianceatlasrepresentedby brickmaps:
the precomputationof irradianceat every photonsimilarly
to [Chr99]. It enablesto renderhugescenesusinghundreds
of millions of photons.

The SIGGRAPH'02coursenotes#43 containmany de-
tails aboutusing photonmappingin practiceand possible
problemsandsolutions.Thecontributorsshow theproblems
metin theindustry. Further, they show thatthesecondary�-
nal gatheris often necessarywhenthe distancetraveledby
FGRsis too small in order to avoid artifacts.It is obvious
from the coursenotesthat thereare many openproblems
for photonmapsandtheachievedspeedupsby varioustech-
niquesarehighly dependenton sceneandusersettings.The
userhasto rely onhisor herintuition andexperiencefor set-
ting parametersfor basicphotonmappingalgorithmandac-
celerationtechniques.A simplephotonmappingalgorithm
with a singlebutton"Render"is needed.
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(a) (b)

Figure 1: Visualizationof kerneldensityestimation(a) fromtheperspectiveof �nal gatherrays(normalphotonmapping)and
(b) from the perspective of photons(reversephotonmapping).Symbolr marksreversephotons(hits of �nal gatherrays, in
black color), symbolp marksphotons(in redcolor), andR is theradiususedfor thesearch.

In this paper, we proposean accelerationtechniquethat
requiresvirtually any usersettings.We computea relatively
high numberof FGRs which guaranteessuf�cient image
quality. Thenwe acceleratethe computationfor FGRs.An
algorithmic speedupfor searchingrequiredby the density
estimationis achievedat theexpenseof increasedmemory
requirements.Theproposedalgorithmis not a heuristic,but
an algorithmically valid conceptthat always leads to de-
creaseof computationtime dueto fastersearchingcarried
out duringdensityestimationfor a largenumberof queries.
No additionalartifactsareintroducedby ouralgorithm.

Below we discusssomesettingsfor �nal gatheringas
usedin practice.The numberof FGRs per pixel is 600–
4,255 [Chr02, KNE� 02, TL04]. Thenumberof pixelsin an
imageis typically 1–3 millions. This gives in total 109 to
1010 FGRsto becomputed.It involvescreationof theFGRs
via BRDFimportancesampling,tracingtheraysthroughthe
scene,andestimatingthe radiancefor every FGRat thehit
pointwith thescene.

Finally, we would like to mention that density esti-
mation as a non-parametricestimationof quantitiesis a
well establishedmathematicalthemes.Introductorytextson
the densityestimationare accessiblealso for applied sci-
ences[Sil86, WJ95].

3. ReversePhotonMapping

In this sectionwe give an algorithmoverview followed by
moredetaileddescriptionof thealgorithm.

3.1. Algorithm Overview

Thebasicideaof thispaperis to reorganizethecomputation
of thedensityestimationfor diffuseindirect illumination in
the reverseorder. Below, we call by normal photonmap-
ping the way how the global photonmapis usedtradition-
ally [Jen01]. The photonsareshotto thescene,the photon
mapis constructed.For every primaryray hitting objectsin

the sceneFGRsareshot.For every �nal gatherray hitting
an object the irradianceis computedby densityestimation
basedonkNN search.

We proposea reversephotonmappingalgorithm.We use
the sameset of FGRsand the sameset of photonsas for
normalphotonmapping.Theideais to computethedensity
estimationin reverseorder. For a photonwe �nd all thehits
from FGRsanddistribute theenergy to correspondingpix-
els.Thereverseorderresultsin fastercomputation.

The differencebetweendensityestimationstartingfrom
FGRs(normalphotonmapping)andstartingfrom photons
(reversephotonmapping)is shown in Figure1. Below, we
describea simpleversionof theproposedalgorithmwithout
issuesrelatedto cachingfor thesakeof simplicity.

3.2. Construction of ReversePhoton Maps

In the�rst stepweshootall theFGRsandstorereversepho-
tons correspondingto hits of FGRswith the sceneobjects
in thereversephotonarrayAr . Thereversephotonsaresim-
ilar to the conceptof importons[PP98]. Sincewe usere-
versephotonsdifferentlythanimportons,we prefera differ-
entnameto distinguishbetweentheseconcepts.Thereverse
photoncontainsthefollowing information:

� Positionin 3D – 12 Bytes.
� Spectralweight– 12 Bytesfor 3 spectra(XYZ or RGB).
� Incomingdirection– 2 Bytes(compressed).
� Pixel positionon theimage– 4 Bytes.

The storageof reversephotonrequires30 Bytes,however,
for betteralignmentin themainmemory32 Bytesareused.
In additionto photonsthe reversephotonscontainthe po-
sition of the pixel in the image.This way the reversepho-
ton cantransfertheradianceto theimagepixel during�nal
gather. Next we constructthe reversephotonmap: an ef�-
cientdatastructureover reversephotons,whichallows usto
computeef�cient �x ed-radiusor kNN search.
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3.3. Ef�cient Search usinga Kd-tr ee

In the secondstep,we constructan ef�cient datastructure
for �x ed-radiussearchover the reversephotons.We tested
differentsearchdatastructuressuchasa balancedkd-treein
varioustraversalorder (inorder, preorder),as well asgrids
and recursive grids. We evaluatedas the most time and
spaceef�cient a kd-treeconstructedwith sliding-midpoint
rule analysedtheoretically[DDG00]. Unlike the balanced
kd-treeproposedfor photonmaps[Jen01], wherethe inte-
rior nodesandleavescorrespondto singlephotons,the re-
versephotonsareonly pointedto in the leaves of our kd-
tree.Both the interior nodeand leaf of the reversephoton
kd-treetake8 Bytes.Similar approachwasusedby Wald et
al. [WGS04]. Thekd-treeis constructedover thearrayAr in
sucha way that a single leaf cancontaina contiguousse-
quenceof photonsin thearrayAr . Themaximumnumberof
photonsin a leaf is Tm. The maximumdepthof the tree is
Th. Thepseudocodefor therecursive top-down kd-treecon-
structionstartingat therootnodeis:

� If thenumberof photonsassociatedwith thecurrentnode
H is smallerthanthresholdTm or thedepthof the treeis
equalto Th, declareH a leaf.Return.

� Selecttheaxis a – the longestsideof thecell associated
with thecurrentnodeto besplit.

� Computea spatialmedianpositionPH alongaxisa.
� Sort by swappingin O(N) time photonsin the arrayAr

sothatall thephotonswith coordinatein axisa < PH are
on theleft sideof Ar andtheoneswith � PH on theright
side.

� If eithertheleft or right halfspacegivenby splittingplane
PH in axisa doesnotcontainany photons,move thesplit-
ting planeto thenearestphotonon theright or on theleft
(sliding-midpointrule).

� Createtwo child nodesof thecurrentnodeH.
� Recursefor theleft andright child of thecurrentnodeH

usingtheappropriateboundingboxandsubarrayof Ar .
� Return.

Thetime complexity of this kd-treeconstructionis O(N �
log2dN=Tme).

3.4. Memory Layout for Kd-tr ee

The interior nodeof the kd-treestoresthe splitting plane
position(32 bits), a singleindex to its right child (28 bits),
andthe typeof thenodeplus thesplitting planeorientation
(2+2bits).Theleft child of theinteriornodedirectlyfollows
theparentnodein thememory(preorderlayout).

The leaf of the kd-treecontainsthe index to the �rst re-
versephotonin the array Ar (30 bits) plus the type of the
node(2 bits sharedwith interior nodes).Further, we store
the numberof the reversephotonsassociatedwith the leaf
(8 bits),andthelengthof thediagonalof a spatialcell asso-
ciatedwith theleaf (24 bits).Theuseof thediagonallength
is explainedin Section6.1.

The sliding of the splitting plane,if one child doesnot
containany data,is a key issuefor goodperformanceof the
kd-treefor non-uniformdistribution of point data.Although
sucha rule looksquitesimple,it wasprovedto bebounded
in theworstcaseby a polylogarithmictime for approximate
geometricsearchqueries[DDG00, MM99].

A singleleaf canreferenceseveral reversephotons.This
resultsnotonly in a slight improvementof searchingperfor-
mance,but alsoin asubstantialdecreaseof constructiontime
andmemoryspace.Theimpactof having severaldataentries
(photons)in the leavesof a kd-treefor searchingwasstud-
ied by TalbertandFisher[TF00]. They concludethat10-30
photonsdoesnot decreaseperformance,but thememoryre-
quirementscanbehighly reduced(by upto afactorlog2 30).
As a result, the total memoryconsumedby the proposed
memory layout for kd-treeis in fact smallerthan for bal-
ancedkd-treelayout usedby Jensen[Jen01]. The memory
requiredby thenodesof thekd-treeis 30–60timessmaller
thanthememoryfor reversephotons.Thewholetreecanbe
storedin themain memoryof a standardPC even for high
numberof reversephotons.

3.5. Establishmentof Coherent Accesses

In addition to the reversephotonmap we also constructa
secondkd-tree,which we call herea kd-treeover photons.
We shootphotonsfrom the light sourcesandstorethemin
the photonarrayAp if they hit a diffusesurfaceexactly as
it is carriedout for normalphotonmapping.Exceptthatwe
do not useit for searching.By building up thekd-treeover
photonswespatiallysortthephotonsin thephotonarrayAp.
Queriesformedby sequentiallytraversingthephotonarray
Ap establishspatialandthereforememorycoherentaccesses
to thereversephotonmap.

3.6. ReverseDensity Estimation

For reverse density estimation we have highly coherent
queriesin the reversephotonmap.For every photonposi-
tion y j we �nd all reversephotonsnot fartherthantheradius
Rj . The precomputationof radiusRj usesdiagonallength
of cell mentionedearlierandis describedin Section6.1. In-
steadof theclassicalkNN densityestimationweuseakernel
densityestimation(KDE). KDE with adaptionto the local
densityproducesslightly betterresultsthankNN densityes-
timation,sinceit betterpreserveshighdensitygradientsand
doesnot suffer from heavy tails in low densityregions.The
KDE methodsarewell studiedin statistics[Sil86, WJ95].

We computeEuclideandistancebetweenphotonandre-
versephoton.Using an arbitrary kernel (box, cone,Gaus-
sian,Epanechnikov, etc.),we distribute the �ux after multi-
plicationby theweightgivenby thekernelfunction.

Below we recall the renderingequationin thecontext of
�nal gathering,wherefor every primary ray hit we shoot
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N �nal gatherrays (FGRs)using BRDF importancesam-
pling. Theradiancecontributedby diffuseindirect illumina-
tion alongaprimaryray in thedirectionwo hitting a surface
atpoint x with normal~n is computedas:

Ld( ~wo;x) =
1
N

�
N

å
i= 1

Li(x;~wi) � fr(x; ~wi ; ~wo) � (~n� ~wi) (1)

For normal photon mappingthe radiancealong the FGR
Li(xi; ~wi ) usingdensityestimationwith K nearestneighbor-
ingphotonsfoundatmaximumdistanceRi from thehit point
xi is computedas:

Li(xi; ~wi ) =
K

å
p= 1

K(
jj xi � ypjj

Ri
) � fr(xi ; ~wp; ~wi)

DFp(yp; ~wp)
p � R2

i
;

(2)
whereK(:: :) is thekernelfunctionusedin thedensityesti-
mation.The radiancealongthe FGR Li(x;~wi) is computed
usingreversephotonmappingasfollows:

Li(xi; ~wi) =
V

å
j= 1

J(xi;y j ;Rj ) � fr (y j ; ~w j ; ~wi )
DF j(y j ; ~w j )

p � R2
j

;

where J(xi;y j ;Rj ) =

(
K( jj xi � y j jj

Rj
); jj xi � y j jj < Rj

0; otherwise
(3)

for all photonsthatduringthesearchfoundthereversepho-
tonat positionxi at themaximumdistanceRj from thepho-
tonpositiony j . Thenumberof all photonsisV. Theanalogy
betweennormaldensityestimationandreversedensityesti-
mationis shown in Figure1.

4. Time Complexity Analysis

In this sectionwe explain the sourceof the speedupfor
searchingusingreversephotonmappingcomparedto nor-
mal photon mapping.Let us denoteby G the numberof
FGRsshot per pixel, by I the numberof pixels in the im-
age,by K thenumberof photonssearchedfor normalpho-
ton mapping,and by R the radiususedby reversephoton
mappingfor �x ed-radiussearch.For theanalysiswe assume
the ideal kNN search�nding alwaysK nearestphotonsin
O(K + log2V) time.

4.1. Normal Photon Mapping

For normalphotonmappingwe shootV photons,we con-
structthekd-treein time TC

NPM = c1 �V � log2V. During ren-
deringweshootF = G� I FGRs.For everyFGRwe�nd and
processtheK nearestphotonsin timec2 � K+ c3 � log2V. The
totalnumberof foundphotonsfor all FGRsisU = F � K. The
total computationtime for normalphotonmappingwithout
constructiontime is then:

TS
NPM = c2 � F � K + c3 � F � log2V (4)

Theconstantc1 is a factorbehindthesortingof thephotons
during the constructionof the tree,c2 is the factor for pro-
cessingasinglephotonfound,andc3 is thetimerequiredfor

Figure 2: Thespeedupbetweencomputationof thenormal
photonmappingand reversephotonmapping. Thenumber
of pairs photon-reverse-photon (all photonsfound for all
FGRs in normal photon mapping)is the same. The con-
stantsareK = 100, c2 = 0:1, andc3 = 1:0. (top)Theoretical
speeduponly for searching. (bottom)Total speeduptaking
into accountthenecessityto processthefounddata.

a singletraversalstepin thekd-treeduringkNN search.The
spaceneededfor thephotonmappingis O(V).

4.2. ReversePhotonMapping

For reversephotonmappingwe constructtwo kd-trees,the
kd-tree over V photonsand the reverse photon map kd-
tree over F reversephotons.Since we increasethe num-
ber of photons in a single leaf to Tm, the construction
time is TC

RPM = c1 � (V � log2dV=Tme+ F � log2dF=Tme). The
searchesarecarriedout in the reversephotonmap.Let us
assumethatthetotal numberof foundpairsphoton-reverse-
photon is alsoU. Since the numberof searchesis V, the
numberof reversephotonsfound per searchis on average
Kr = F � K=V. Thesearchtimein thereversephotonmapfor
a singlephotonis thenc2 � Kr + c3 � log2 F. Thetotal compu-
tationtimefor reversephotonmappingis then:

TS
RPM = c2 �V � (F � K=V) + c3 �V � log2 F

c
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= c2 � F � K + c3 �V � log2 F (5)

Thespacefor thereversephotonmappingis O(V + F).

In our analysisthe computationtime to processall pairs
photon-reverse-photon is the samefor both normalandre-
versephotonmaps(factor c2 � F � K in formulae4 and 5).
However, the searchingtime is signi�cantly smallerfor re-
versephotonmapping.The theoreticalspeedupexcluding
the factorc2 � F � K is shown in Figure2 (top). The ratio of
computationtimesTS

NPM=TS
RPM areshown in Figure2 (bot-

tom) for variousnumberof total FGRsandseveralsettings
for numberof photonsV.

Fromtheanalysisit follows thatthereversephotonmap-
pingdecreasesthesearchingtimeonly if thenumberof �nal
gatherraysto processis by ordersof magnitudehigherthan
the numberof photons.This is a standardcasefor render-
ing images,in particularhigh resolutionimagesusedin the
productionrendering.It shouldbementionedthatif thecom-
putationtimefor processingthefoundpairsphoton-reverse-
photonc2 � F � K dominatesthecomputation,thereversepho-
tonmappingdoesnotgive any speedup.

5. Algorithm Work�ow

In this sectionwe describethe algorithm work�o w along
with the ef�cient organizationof thedatastructuresfor re-
versephotonmapping.Thealgorithmdecomposesthecom-
putation to tasksto deal with increasedmemory require-
ments.Thereareseveral algorithmic designgoalsful�lled
by ouralgorithm.First, thecomputationover thedatastruc-
turesresultsin highly coherentaccessin themainmemory,
mostly read only. Second,the write-back traf�c from the
CPUcacheto themainmemoryis ef�ciently reduced.Third,
the algorithm requirementsfor the main memory are ac-
ceptable.Fourth, the increasedmain memoryrequirements
arealleviatedby anef�cient cachingschemeusingthedisk
and/ortiling of thescreen.

5.1. TaskScheduler

Renderingimagesin high resolutionand high quality re-
quiresa largenumberof reversephotons(i.e. FGRs)thatdo
not �t in thephysicalmemoryof consumer-level computers.
Todays,thephysicalmemoryof PCsis often limited by 1–
4 GBytes.Onewayto solvethis issueis to subdividetheex-
ecutionin many tasksandcombinetheresultsof thesetasks.
Themajorpartis thecomputationof theradiancealong�nal
gatherrays.Sincethecomputationof densityestimationvia
reversephotonmappingdoesnot dependon thenumberof
FGRsor thenumberof pixels,we cansubdivide thewhole
computationacrossthe imageto tiles and/orthenumberof
FGRsperpixel.

In ordertomakeit practicalto theuser,wehidetheburden
for settingtheseparametersmanually. Therefore,we imple-
menteda memoryschedulerthatdoesthejob of computing

the numberof tiles and�nal numberof gatherrays for the
tasksin advance.The input for the scheduleris the sizeof
availablememoryfor therenderer, theimageresolution,the
numberof FGRsperpixel, thenumberof samplesperpixel,
andtheuserpreferencesasa trade-off betweenimagequal-
ity andthetile size.Thelattergivesfasterresultswith lower
qualityandviceversa.

As a resulttheschedulercreatesthesequenceof tasksto
becomputedby therenderer. Thetaskis speci�edby theim-
agetile coordinates,numberof samplesperpixel,numberof
�nal gatherraysfor a sampleray, weightfor this tile (i.e. its
contribution to theoverall image),initial randomseed,etc.
The order of taskscan also allow progressive previewing:
�rst thewhole imageis computedwith somesmallnumber
of FGRsperpixel, andthenthequality is improvedby com-
puting the tiles, increasingthe numberof FGRsper pixel.
The proposedschedulingof tasksis a naturalcandidatefor
parallelization.Notethat thephotonsfrom light sourcesare
computedonly for the�rst taskandreusedfor all subsequent
tasks.Whenthetile is computed,all thecomputedtiles are
combinedto asingleimage.Thiscanimplementprogressive
previewing.

5.2. Data Work�ow

Below we describethealgorithmalongwith thedatawork-
�o w for a single task given by the scheduler. The overall
schemeof processingis depictedin Figure3: data�o w view
on theleft anddatastructureview on theright. Thecompu-
tationhasthreephases:preprocessing,processing,andcom-
pletionphase.

In the preprocessingphasephotonsareshotandthe kd-
treeoverphotonsis constructed(only for the�rst task).Sec-
ond,for eachtaskgivenby thescheduler, theFGRsareshot
to the sceneandreversephotonsaresaved to the arrayAr .
Thenthereversephotonmapis constructed.

In the processingphasethe density estimationis com-
putedin thereverseorder. Thephotonsfrom thephotonar-
ray Ap are processedsequentially, which createsa highly
coherentsearchpatternin the reversephotonmap.The en-
ergy from a processedphotonis distributedto theentriesin
the write-backcache-arrayAw. The entriesof Aw mapone
to oneto the entriesof Ar . Note, that during thesearchthe
kd-treeover photonsand the reversephotonmap areused
for read-onlyaccess.Only thewrite-backcache-arrayAw is
readto the CPUcacheandwritten backto the main mem-
ory. This cache-awaredataorganizationef�ciently reduces
thedatathroughputbetweenthemainmemoryandtheCPU
cachefor themainpartof thecomputation.We checkedthat
accumulatingtheenergy into thepixelsdirectlyproducestoo
many cachemisses,sincethewholeimagetile doesnot �t to
theCPUcache.

In the completionphasethe accumulatedradianceper
reversephoton (FGR) is multiplied by the corresponding
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Figure 3: Visualizationof the data �ow on the left and the data structureson the right. In the processingphasethe density
estimationfor all FGRsis computed(top). In thecompletionstage(bottom)thecontributionto thepixelsis computed,possibly
usinga �lter . Themajorityof thedataaccessesis eitherreadonly or/andmemorycoherent.

weightgivenby BRDF importancesamplingof FGRsatdi-
rectly visible surfacesstoredin Ar . The write-backcache-
arrayAw is processedin the sequentialorder. The radiance
is summedto theradiancealongpixel samplesthatarepos-
sibly �ltered usingsomeconvolutionkernelbeforethey are
addedto the resultingimage.The time for the completion
phaseis negligible.

6. Further Impr ovements

In this sectionwe describeseveraladditionalimprovements
that we apply for reversephotonmapping.We have imple-
mentedthesetechniquesandusethemin Section7.

6.1. Adaptive-RadiusDensity Estimation

Insteadof using �xed-radius KDE we use the adaptive-
radiusKDE, wherethe radiusis derived from the approx-
imate densityof photonssimilarly to normal photonmap-
ping.Recallthatwe storethediagonallengthof thecell as-
sociatedwith theleafof thekd-tree,seeSection3.4. We use

thediagonallengthandthenumberof photonsin theleaf to
estimatethegather-radiusover a spatialcell associatedwith
thecorrespondingleaf.Thismethodcanprovide usapproxi-
matively thedesirednumberof photonswhensearchingthat
region.

Sincephotondensityfor diffuseillumination is changing
slowly, thenumberof photonsin neighboringspatialcellsis
alsovaryingslowly. Weobservedthatthestandarddeviation
for �nding the kNN photonsper reversephoton(FGR) is
stablefor differentscenesandvaryingphotondensities.The
proposedwayto selecttheradiusfor thedensityestimateof
photonsin this context is computedalmostfor free. It can
alsobeusedfor normalphotonmapping.

6.2. Density Control

Using the adaptive-radiusis onemethodto reducesearch-
ing and processingtime while decreasingthe bias. An-
other adaptive techniqueis densitycontrol for the photon
maps[SW00]. For normalphotonmappingdensitycontrol
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is usuallyusedin combinationwith importancesampling.It
helpsto reducethe sizeof the photonmapin unimportant
regions(i.e. regionsnotcontributing to theimage).This can
be appliedin reversephotonmapping.The densitycontrol
takesnegligible time comparedto the restof the computa-
tion. However, for reversephotonmappingit is muchmore
decisive sincethe time for densityestimationstronglyde-
pendson thenumberof photonsV; seeformula 5. For nor-
mal photonmapping,thenumberof photonsV is muchless
importantfor thecomputationtime,sinceit mainlydepends
on thenumberof FGRs,seeformula4.

We usea simple iterative algorithm for densitycontrol
similar to the original algorithm [SW00]. We shootmany
photonsandorganizethemspatiallyin thekd-tree.We pick
uprandomlyaphotonin theleaves(photonsarestoredin the
arrayAp), so in O(1) time.We computethedensityaround
the photonusingkNN search.If the densityis higher than
a user speci�ed threshold(photons=m2), we distribute its
energy to neighboringphotons,accountingfor the photons
with similar normaland incomingdirection.We invalidate
thephotonfor thenext searchesin thekd-tree.

Note that the densitycontrol doesnot interpolateon the
level of incomingradianceas the irradiancecachingdoes,
sincethevisibility for all FGRsis computed.Thenwe can
computetheimageswithout artifactsthatareintroducedby
irradiancecachinginterpolation.

6.3. BatchedSearch in the ReversePhoton Map

Anotheroptimizationwe have appliedis thetraversalof the
reversephotonmapkd-treefor severalphotonqueriessimul-
taneously, sophotonsareprocessedin batches. We �nd the
nearbyphotonsin theleavesof kd-treeover photons(which
are alreadyclosein space)and cluster them into a larger
boundingsphere.During theprocesstheboundingsphereis
extendeduntil morethanamaximumnumberof photonsare
clusteredinsideor until thesphereexceedsthemaximumra-
diusdependingon theupperthresholdfor thegatherradius.
We traversein the reversephoton map kd-treeusing this
large boundingsphereto �nd the �rst interior nodewhose
assignedsplitting planecuts the boundingsphere.This is
the starting node for the kd-tree traversal for all individ-
ual queriesinsidetheboundingsphere.This batchedsearch
avoidsthetraversingin upperlevel nodesin thekd-tree.The
achievedspeedupfor thesearchingin thekd-treedependson
the photondensityandthe depthof the reversephotonkd-
tree.We have found out the speedupfor traversalbetween
30–65%comparedto traversingof individual photons.

6.4. Ray ShootingCachefor Final Gather Rays

Ray tracing of �nal gatherrays (FGRs)is carriedout for
subsequentlycreatedFGRsfrom BRDF samplingonvisible
surfaces.Sincetheir generationis basicallyrandom(Monte
Carlo)process,thedirectionsof subsequently createdFGRs

are highly incoherent.According to our testsfor visibility
datastructures,theraytracingof highly coherentrayscanbe
up to 3 timesfasterthanfor highly incoherentrays.We pro-
posea singleorganizationschemeto improve on coherency
in thespirit of memorycoherentray tracing[PKGH97]. We
createa singlecachefor FGRsby subdividing a spheresur-
faceto C directionalcells (C = 400).Eachdirectionalcell
is associatedwith anarrayto storeQ FGRsto beray traced
(Q = 50).We storecreatedFGRsto thecacheandwhenthe
arrayof a directionalcell is full, we ray traceall theFGRs
in thearrayandcreatereversephotons.

6.5. External Cachefor Coherently AccessedArrays

The memoryrequirementsfor the reversephotonarrayAr

in ouralgorithmcanbehigh. In ourcurrentimplementation,
weallow for Ar upto 230 � 1:073� 109 entries.Thestorage
spacerequiredis thenM = 230 � 32 � 3:43� 1010 Bytes,
which is far from affordablesizeof mainmemoryfor a con-
sumerlevel computersnowadays.Therefore,wetakethead-
vantageof coherentaccessto thearraysAr andAw andcre-
ateanef�cient cachingschemethatusesexternalmemory(a
disk).Only asmallportionof thearraysAr andAw is cached
in themainmemory. Weuseatraditionalsoftwarecacheim-
plementedvia hashing,splitting thearrayinto blocksof the
samesize.Thesizeof theblock is 220Bytesandcacheasso-
ciativity 8. A simplehashingfunctionusesthe index of the
block on thedisk to keeponly a smallportionof theblocks
in themainmemory.

ThearrayAr is usedin four steps:arraycreation,spatial
searching,densityestimation,andsummingthe resultsfor
FGRsto pixel samples.During creationof the FGRs,we
savethereversephotonsto thedisk.During thereversepho-
tonmap(kd-tree)constructionwe processthearrayAr from
the�rst entry in thecurrentnodeforwardsandfrom thelast
entrybackwards.This createshighly coherentaccess,since
thesizeof theblock is relatively large.During themainpro-
cessingphase,we needto keeponly a smallpart of thear-
ray in themainmemoryfor every leaf nodeof the tree,see
Section5.2. During summationof radiancealongFGRs,we
accessthearrayAr andAw alsoin sequentialorder.

7. Results

In this sectionwe give numericalresultsfor renderingus-
ing normalphotonmappingandreversephotonmappingon
eigth scenesof variouscomplexity andlighting conditions,
seeFigure4. We computeonly thediffuseindirect lighting
ascarriedoutby normalphotonmappingby theglobalpho-
ton map.The computedimagesarevirtually the samefor
normalandreversephotonmapping.

We have implementednormalphotonmappingfor com-
parisonpurposesusing the samedatastructuresas for re-
versephotonmapping.For kNN searchwe useda recur-
sive versionof kNN searchdescribedin the book [Jen01].
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The iterative versionin [Chr02] decreasesthetotal render-
ing time by 2-10%. The kd-treeconstructedwith sliding-
midpointrule decreasesthetotal renderingtime by 15%.

The timings for normalandreversephotonmappingare
in Table1. For reversephotonmappingwe usedadaptive-
radius. In both caseswe useddensitycontrol resulting in
500,000photons.In practicethe total achievedspeedupfor
reversephotonmappingvariesbetween30–230%in depen-
denceon resolutionand number of �nal gather rays per
pixel.

Scene=NOBJ res K̃ TT
NPM TT

RPM speedup

CornellBox 3002 65 605 420 1.44

(12objs.) 5002 55 1,540 710 2.16

CornerRoom 3002 30 1,100 860 1.27

(57objs.) 5002 50 2,200 1,610 1.36

MGF Of�ce 3002 50 941 399 2.35

(540objs.) 5002 60 3,600 1,125 3.20

Gallery 3002 50 1,250 386 3.23

(8; 607objs.) 5002 50 2,600 1,248 2.08

Sponza 3002 50 840 493 1,70

(66; 650objs.) 5002 50 2,613 1280 2,04

Apartment 3002 45 810 343 2.36

(72; 270objs.) 5002 45 2,231 926 2.40

Sibenik 3002 50 610 460 1.32

(76; 643objs.) 5002 50 1,710 1,250 1.36

AizuAtrium 3002 55 1,793 541 3.31

(948; 371objs.) 5002 55 4,712 1,450 3.24

Table 1: The timings for 8 scenes,using 600 �nal gather
raysper pixelandresolution300� 300and500� 500. The
table containsthe numberof objectsin the scene,the av-
eragenumberof foundphotonsper �nal gatherray K̃, the
overall computationtimefor normalphotonmappingTT

NPM,
the overall computationtime for reversephoton mapping
TT

RPM, and the speedupachieved for reversephotonmap-
ping. Thefastestsearchingtechniquewasusedin bothcases.

We testedthereversephotonmappingfor varioussizeof
theavailablememory. Theresultsarein Table2. Thedepen-
denceis very low. Probablydueto thecachingthecomputa-
tion for largermemorysetupsis evenslightly slower.

Memory[MBytes] 150 300 500 750 1000 1500

# Tasks 72 30 16 12 9 6

Time [s] 1,214 1,172 1,182 1,258 1,284 1,263

Table 2: Thenumberof tasksandtimingsfor sceneSponza
in dependenceof themainmemoryusedfor thereversepho-
tonmaparrayAr andwrite-back cache-arrayAw. Rendered
in resolution5002 pixelsand600�nal gatherraysperpixel.

We also studiedthe dependenceon the numberof pho-
tons.Dueto thebatchedsearchandtheadaptive-radius(the

numberof pairsphoton-reverse-photonsvariesonly a little),
the timings differed only slightly for the rangeof photons
100,000-1,000,000.Thereforewe believe that reversepho-
ton mappingtogetherwith densitycontrol is an important
stepto a parameter-freephotonmappingalgorithm.

We carriedout unobtrusive pro�ling of the codeexecu-
tion. In thenormalphotonmapping,about70%of thetime
is spenton thekNN search(This is decreasedto about50%
for thekd-treedescribedin Section3.3.). About 15%is re-
quiredfor thedensityestimationwith a box �lter , and10%
is takenby visibility computations,and3% for BRDF im-
portancesampling.Theremaining2%arerequiredby other
operations.

In thereversephotonmappingsearching(withoutbatched
search)takesabout20–25%of thetotal time.About 37%is
requiredfor densityestimation,20%for visibility computa-
tions,8% for constructingthekd-trees,6% for BRDF sam-
pling, andtheremaining4%for otheroperations.

The time for searchingusingreversephotonmappingis
ef�ciently acceleratedby a factor of 4–7 comparedto nor-
mal photonmapping.Thetime requiredfor densityestima-
tion is increasedalthoughthenumberof evaluationfor pairs
photon-reverse-photonis the same.This is due to the in-
creasedrateof write-backoperationsfrom the CPU cache
to themainmemory(thearrayAw).

If thebatchedsearchis carriedout, thetime requiredfor
searchingis decreasedby anotherfactor of 2–3. The num-
ber of traversalstepsin the reversephotonmapkd-treeby
batchedsearchwas decreasedby additional35%. In total
thetimefor searchingusingbatchedsearchis upto 25times
smallerthanthe time for searchingin normalphotonmap-
ping [Jen01].

The speedupfor ray tracing FGRsachieved by the ray
shootingcachefor FGRsfor 400directionalcellsand50ar-
ray entriesfor onecell variedbetween45–60%.Note that
numberof pairs photon-reverse-photonwas the samefor
normalandreversephotonmappingandthekd-treeusedfor
thereversephotonswasadaptedto normalphotonmapping
for thesakeof fair comparison.

We computedan imagefrom the Sponzascenein a res-
olution of 2 Mpixels with 600 FGRsper pixel (1:2 � 109

�nal gatherrays).Suchsettingis usedin theproductionren-
dering[TL04]. Although the timings is 160 minutes(more
than 70 minutesfor both direct and indirect illumination
by similar scenecomplexity in [TL04]), we computemore
bouncesof indirect illumination. Thetimingsarealsoquite
comparableto therenderingwith iradianceatlas[CB04] (�
200 minutesfor 73� 106 �nal gatherrays for large-scale
scene),althoughtheirradianceatlasis clearlymoreapprox-
imative thanouralgorithm.We believe thatthereversepho-
ton mappingwith ef�cient ray tracingin averageO(logN)
time could be acceptablefor productionrenderingin close
future.
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CornellBox CornerRoom MGF Of�ce Gallery

Sponza Apartement Sibenik Aizu Atrium

Figure 4: Visualizationfor 8 scenesusedfor testing. Thediffuseindirectillumination rendered via reversephotonmappingis
shown.Thetonemappingwasappliedto maketheindirectillumination more distinct.ThesceneApartmentis copyrightedby
LaurenceBoissieuxc
 INRIA 2005.ThescenesSponzaandSibenikweremodeledby MarkoDabrovic.

For measurementswehaveusedastandardPCwith asin-
gle CPU 3.0 GHz Intel P4 with 512 KB of L2 cacheand
2 GBytesof mainmemory. Theprogramwasimplemented
in C++andcompiledwith GNU g++-3.3with -O3optimiza-
tion.

8. Conclusion

In this paper, we have proposeda reversephotonmapping
algorithmfor diffuseindirectilluminationcomputedwith �-
nal gathering.We have reformulatedthe densityestimation
for many �nal gatherraysasef�cient sortingandhighly co-
herentsearchingwhile exploiting two kd-trees.By reorder-
ing thecomputation,thecomputationtime requiredfor the
searchfor normal photonmapping[Jen01] is reducedby
morethananorderof magnitude.The algorithmicspeedup
of the reversephotonmappingcomesfrom the logarithmic
factor of searchingusing treesandhighly coherentaccess
patternto the data.Although our algorithm requiresmore
memorythan normal photonmapping,thanksto coherent
accessto thedatawecacheonly asmallportionof necessary
datain themainmemory. This makesour algorithmpracti-
cal, even on low-level consumerPCs.In practice,we have
receivedthespeedupfrom 2 to 3 for presentedscenes.

We showed several improvementsandcombinationsfor
theproposedreversephotonmappingwith othertechniques
suchasdensitycontrol.Thereversephotonmappingcanbe
appliedfor ef�cient densityestimationin variousglobal il-
luminationalgorithmsif the numberof �nal gatherrays is

high andif we canevaluateradiancesfor a largesetof �nal
gatherraysin arbitraryorder.

Lastbut not least,we discussedseveralnovel techniques.
This is the kd-treewith low memoryfootprint constructed
with the sliding-midpointrule, estimateof the adaptive ra-
diusfor KDE duringthekd-treeconstruction,andthecache
for coherentray tracingof �nal gatherrays.The proposed
techniquescanalsobeadaptedeasilyto normalphotonmap-
ping.

Thereversephotonmappingtakestheadvantageof stor-
ing moreinformationaboutglobal illumination to improve
and acceleratethe computation.Therefore,the combina-
tion with othertechniquessuchasprogressivenessandqual-
ity control via adaptive samplingduring rendering,irradi-
ancecaching[WRC88, WH92], and importancesampling
for photons[PP98] appearsto be relatively straightforward,
althoughwe do not discussit in detail heredueto the lack
of space.We believe that thereis spaceleft for future work
onglobalilluminationalgorithmsthatprocessglobalillumi-
nationinformationalsoin a coherentway. Further, we think
thatthealgorithmcanbeextendedfor renderinganimations
in the spirit of recenttechniques[TMD� 04], which could
bringadditionalspeedupby upto oneorderof magnitude.
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